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ABSTRACT
This paper considers the complementarity and substitutability of
natural resources and physical capital. Unlike existing empirical
research, concentrated on the estimation of the elasticity of sub-
stitution between energy and capital, the author focuses on
macro data and the growth theory approach. The author consid-
ers the standard economic long-run growth models with substi-
tutability or complementarity among natural resource use and
physical capital in the production process. He derives from these
models empirically verifiable theoretical relationships between
their rates of growth. The author also uses cross-country long-run
data to obtain an empirical correlation between these growth
rates and finds evidence in favour of gross complementarity
between the examined factors of production on the macro level
in the long run.
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Economic theory reached an agreement that all kinds of natural resources are vital
factors of economic growth – production is impossible without them, because they
are required either as a material or as an energy source. The ongoing debate consid-
ers whether natural resources are, and to what extent, replaceable by physical capital.
Existing approaches can be classified, roughly, into two different groups. First, the so-
called ‘neoclassic’ approach, which claims that natural resources and physical capital
are gross substitutes, their substitutability prevails complementarity, therefore natural
resources can be, to some extent, replaced by physical capital. What is more, they
claim that the number of substitute possibilities increases together with technological
progress (see, e.g., Growiec & Schumacher, 2008; Solow, 1997; Stiglitz, 1997). The
second point of view, let us call it ‘thermodynamic’, states that production is a pro-
cess of transformation where materials, such as minerals, metals or fossil fuels, are
transformed, with the use of capital and labour, into final products (see, e.g., Daly,
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1997, 1999; Georgescu-Roegen, 1979; and many others). This implies that physical
capital and natural resources are in fact complements and a higher stock of capital
requires a higher use of resources, which will sooner or later lead to the exhaustion
of the latter.
This ongoing discussion is mostly theoretical, but both sides provide many exam-
ples of substitutability/complementarity of both production factors. Obviously, this
debate has mostly political implications – depending on its results governments, the
European Union or the United Nations can force entrepreneurs to increase or
decrease the extraction of natural resources and also force governments to increase
funding of research aimed at obtaining alternative energy sources. Natural resources
are indeed a part of natural capital, which, according to many studies, for example
Costanza and Daly (1992), should be preserved for future generations. But there are
also theoretical consequences – there exist many economic growth models with polit-
ical implications that contain natural resources.1 The question is, as usual, whether
we are allowed to draw political conclusions from economic research that is con-
ducted with the use of counterfactual, but vital, assumptions, especially if these
assumptions (complementarity or substitutability between natural resources and phys-
ical capital) can change the final conclusions and recommendations for the economy
of the entire world. It seems to be obvious that, to some extent, a particular natural
resource is both a substitute and a complement for physical capital. For different
resources the levels of substitutability are different. For example, oil is mostly an
energy source (and complementary with physical capital) but can also be used as a
material in the production of, for example, waxes. In this situation better physical
capital may decrease the amount of oil required to produce the same output of wax,
which is a definition of substitutability. The question is which of these two effects is
stronger in the long run, which in turn implies certain economic and environmen-
tal policy.
Existing empirical research on this topic is mostly concentrated around comple-
mentarity or substitutability between energy and physical capital and, due to the
argument given by Solow (1987), uses disaggregated micro data. The main concern of
these studies is to estimate the elasticity of substitution between energy and various
production factors in order to assess the impact of energy prices on the whole econ-
omy. The results vary and depend on type of data – Apostolakis (1990) observes that
research based on time series generally leads to a conclusion about complementarity
between energy and capital, while studies based on cross-section data lead to a con-
clusion about substitutability. One of the explanations for these discrepancies is that
time series reflect mostly short-run effects, while cross-section data reflect mostly
long-run effects. Research on this topic includes Arnberg and Bjorner (2007), Koetse,
De Groot, and Florax (2008), Costantini and Paglialunga (2014), and many others.
Cohen, Hepburn, and Teytelboym (2017) argued that studies using standard econo-
metric methods suffer from endogeneity bias due to measurement errors connected
with value of units of natural capital (also – natural resources), which might be one
of the explanations of differences in existing results. However, in the words of
Markandya and Pedroso-Galinato (2007, p. 299): ‘Economists have devoted a consid-
erable amount of effort to estimating these elasticities, for inputs such as capital, labor
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and energy but not natural resources’.2 These estimates are still impossible on a
macro level mostly due to the unavailability of detailed data on particular resources
such as copper or iron (existing research, such as, for example, Markandya &
Pedroso-Galinato, 2007, is based on data of production of non-renewable energy
resources or land resources). However, in this article I try to shed light on this issue
by conducting a simple study.
The aim of this paper is to provide a few stylised empirical facts to the ongoing
and endless discussion surrounding complementarity and substitutability of natural
resources and physical capital and to compare the results obtained with the long-run
economic growth model. The question is whether the empirical data supports more
the substitutability or the complementarity hypothesis. To verify that, we derive twice
the relationship between long-run economic growth rate and natural resource use
growth rate in two cases: when physical capital and natural resources are substitutes,
and when physical capital and natural resources are complements. The same model is
used twice but with two different production functions. After that, the implied theor-
etical relationships are compared with the relationship observed in the empirical
long-run data.
The contribution of this paper is as follows. First, we propose two simple mathem-
atical models of economic growth with a different relationship between physical cap-
ital and natural resource and compare them. Subsequently, we derive testifiable
consequences of respective assumptions and show the differences between two mod-
els. Second, we propose a simple experiment which may serve as a proof of correct-
ness of one of these approaches. Third, we conduct this experiment and calculate
actual correlation between cross-sectional economic growth long-run data for a large
group of countries. We find evidence in favour of gross complementarity between the
examined factors of production on the macro level in the long run, but the results
are not clear. According to our best knowledge, this is one of the first researches on
this topic concentrated on long-run data, when the implications from a mathematical
model are compared with empirical data.
The structure of this paper is as follows. In Section 2 we provide two basic optimal
control long-run growth models and draw some conclusions from their solutions.
Then, in Section 3 we describe the database, and in Section 4 confront conclusions
drawn with empirical correlations between studied variables. After that, we discuss
the results in Section 5 and then conclude.
2. Benchmark models
To derive the necessary relationship between long-run growth rates of economic
growth and natural resource use, we use the standard optimal control framework to
long-run economic growth modelling (see Acemoglu, 2009; Barro & Sala-i-Martin,
2003). In this framework we consider two different production functions, the purpose
of which is to observe the differences in the final conclusions on the relationship
between economic growth rate, the growth rate of physical capital and rate of use of
natural resources. We consider the closed economy, inhabited with L households.
Households maximise overall lifetime utility, which is given by:
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ðþ1
0
eqtU cð ÞLdt ! max (1)
where c is a level of individual consumption in a moment t. We assume instantan-
eous utility function of a Constant Relative Risk Aversion (CRRA) form:
U cð Þ ¼ c
1h1
1 h (2)
where h>0 is equal to elasticity of marginal utility3 multiplied by ð1Þ . There exists
empirical evidence that h>1 , so 1h is strictly negative (see Mehra & Prescott, 1985;
Szpiro, 1986), which we assume in this paper.
Evolution of physical capital is in a standard fashion:
_K ¼ YCdK (3)
where K is a stock of physical capital, d denotes depreciation rate, Y stands for level
of output, and C is the overall consumption of the whole economy, C ¼ c  L .
We assume technological progress to be exogenous:
_A ¼ gA) A ¼ A0  egt (4)
where g> 0 is the rate of exogenous technological progress4 and A stands for a level
of technology.
The economy is endowed with supply S of non-renewable natural resource.5 This
supply is gradually depleted at each moment:
_S ¼ R (5)
where R denotes flow of non-renewable natural resource used in a production process
in a given moment. As usual in these kinds of long-run economic growth models, we
assume that the costs of resource extraction are equal to zero.
We also assume that L grows with a constant rate n:
_L ¼ n  L) L ¼ L0  ent (6)
The key aspect of both models, production function, is of one of the following
forms:
Ys ¼ AKaRbL1ab (7)
where R and K are substitutes with elasticity of substitution equal to6 1, or
Yc ¼ Amin K;Rf gcL1c (8)
where R and K are complements and elasticity of substitution is equal to7 0. a, b, c 2
ð0; 1Þ are elasticities of production with respect to given factor of production.
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This particular choice of the production functions is dictated by mathematical sim-
plicity. The purpose of these models is to obtain and compare a solution in the situ-
ation when in one of the production functions physical capital and natural resources
are complements and in the other they are substitutes. There is only one possible
choice for the production function with complementarity and this is the Leontief pro-
duction function (8), but there are many different production functions when K and
R are substitutes – for example, one can use the constant elasticity of substitution
(CES) function with elasticity of substitution different from zero. The choice of
Cobb–Douglas function is made mostly due to the fact that this particular kind of
production function is, probably, the most often used production function in simi-
lar analyses.8
In production function (7) physical capital and flow of natural resources are, in
fact, substitutes not only to each other, but also to labour, and in Equation (8) K or
R (depends which one is less) is also a substitute to labour. To eliminate labour from
consideration, we express the model in per capita variables. Lower case letters denote
per capita versions of variables depicted by corresponding capital letters. This leads







1h  1ð Þdt ! max (9)
_k ¼ yc d þ nð Þk (10)
_s ¼ rns (11)
and one of two different forms of output per capita:
ys ¼ A0egtkarb (12)
or
yc ¼ A0egtmin k; rf gc (13)
Additionally, to assure that integral (9) is bounded, we assume that qn>0.9
Therefore, households maximises Equation (9) with respect to Equations (10),
(11) and (respectively) (12) or (13). Transversality conditions in this case are as
follows:
lim
t!þ1k1k ¼ 0 (14)
lim
t!þ1 k2s ¼ 0 (15)
where k1; k2 are corresponding Lagrange multipliers.
Long-run growth rates of studied variables in a case of substitutability are as
follows:10
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gsk ¼ gsc ¼ gsy ¼
gbq
1 a b 1 hð Þ>0 (16)
gsr ¼ gss ¼ 1hð Þ
gbq
1 a b 1 hð Þq ¼ 1hð Þ  g
s
yq<0 (17)
where by gsx we denote growth rate of variable x in the case of substitutability. All
variables exponentially change, k, c, y exponentially rise, and r and s exponentially
decline. Therefore, some amount of r is preserved until infinity – substitutability
allows reaching a high, exponentially rising level of production thanks to a large, also
exponentially rising level of k, which substitutes for a very small amount of natural
resources11
The situation is different when K and R are complements. In such a case it is not
optimal to extract more natural resources than are used in the production process,
because in the model we exclude the possibility of saving any amount of resources
for later use. Therefore, R  K and it implies yc ¼ A0egtrc . Complementarity of K
and R also implies exhaustion of natural resources in a finite time; let us denote that
moment as T . Households, to assure consumption after exhaustion of R, decide to
invest a certain amount of output to increase the level of physical capital per capita.
After T households consume physical capital, which exponentially declines to zero
in infinite time. Consumption is also lower and instantaneous utility decreases. For









gcy ¼ g þ
c d þ gð Þ
1 c ¼ g þ cg
c
r>0 (20)
where by gcx we denote the growth rate of variable x in the case of complementarity.
12
The following conclusions come from these results. Equations (17) and (20) show
the relationship between the rates of economic growth and the rates of natural
resource usage. These relationships are not casual because it is clear from the other
equations that the rate of economic growth depends on the values of certain macro-
economic parameters, such as the rate of technological progress or rate of capital
depreciation. The same parameters have an influence on the rate of extraction of nat-
ural resources. If K and R are substitutes then we should observe a negative correl-
ation between gy and gr in a cross-section of countries – whenever a change of any of
the macroeconomic parameters increases the rate of economic growth it also
decreases (increases absolute value) the rate of natural resource extraction. The rela-
tionship between these variables is linear, so this negative correlation should be close
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to –1. Complementarity of K and R also implies a linear relationship between the rate
of growth of production per capita and the rate of natural resource extraction, but
this time the correlation between these variables should be strictly positive, close to 1.
3. Data
In this section we describe the real data correlation between the average rate of eco-
nomic growth, the average rate of growth of physical capital per capita and the aver-
age rate of change of natural resources use per capita for a cross-section of countries
from 1981 to 2010. The correlation between these average rates of change reflects the
long-run relationship between given variables.13 If one of our benchmark models is
correct, there should be a strong, close to unity, correlation between the long-run
economic growth rate or the long-run growth rate of physical capital, and the long-
run rate of natural resources usage. Nevertheless, the sign of this correlation is
unknown and would be evidence in favour of substitutability or complementarity
between natural resources and physical capital.
We have collected data for gross domestic product (GDP) during the period
1981–2010 in 2005 prices, share of investments in GDP in each year and total popu-
lation for all countries in a given period from Penn World Table.14 Part of the data
concerning natural resources use is taken from The U.S. Energy Information
Administration (E.I.A.) database, available on the E.I.A. website.15 We decided to use
total consumption of petroleum products in thousands of barrels per day, dry natural
gas consumption in billion cubic feet and total coal consumption in thousands of
short tons instead of the production of respective resources. This choice is due to the
fact that stocks of oil, gas or coal are not available in every country, but almost every
country uses them, mostly as an energy source. Consumption of a particular resource
in each economy reflects more accurately the actual use of a given resource in pro-
duction of goods and services in a particular country than the size of resource pro-
duction, which is strictly connected with the availability of sources in a given
economy and current international trade.
The rest of the database on resource use is taken from The Global Material
Flow database created by S.E.R.I.16 We decided to use domestic material consump-
tion (DMC) per capita for all available countries in the period 1981–2009. DMC
is defined as the total amount of materials directly used in the economy (domestic
extraction plus imports) minus exported materials. This variable, given in tons,
represents total per capita consumption of minerals, biomass and fossil fuels in a
given economy. Therefore, all the data on natural resources are in physical units
instead of nominal units, which allows for observance of change in real usage of a
given resource.
Some countries have been removed from the sample. First of all we removed, due
to unavailability of the data, all countries that did not exist for the entire 1981–2010
period, particularly the former Soviet Union republics (including Russia), Czech
Republic, Slovakia, former Yugoslavian countries and others. West and East Germany
data were aggregated. We also excluded countries for which there was not enough
data available, such as, for example, Yemen, for which available time series of GDP
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started in 1985. Also, not all of the countries used all three kinds of resources for the
entire period chosen in our study. In such a case a particular country was excluded
from the subsample used for calculating the correlation between the rate of economic
growth or rate of growth of physical capital and rate of growth of consumption of a
given resource. For example, data taken from the E.I.A. database shows that Jamaica
had not used natural gas and coal before 1989. In this situation Jamaica was included
in the subsample only when oil was of interest and excluded while considering coal
or natural gas. We also needed to remove some outliers from the sample, countries
with an average rate of growth of resource consumption greater than 0.4. These
unusual numbers resulted from the rapid change of use of a given resource from a
very small amount (or zero) to much larger, which significantly influences rates of
growth and average rate of growth.
The time series of physical capital was also not available in most cases. Therefore,
we generated the time series of physical capital for every country in a manner similar
to Caselli (2005). The perpetual inventory equation is as follows:





1dð ÞiIti þ 1dð ÞTKtT (22)
For a higher value of T the second part of the right-hand side of Equation (22) is
small and may be omitted. Therefore, present stock of physical capital is a sum of
past investments, taking into account its depreciation over time.
Investment share in GDP is available for most of the countries in the chosen
period. By multiplying GDP per capita, investment share and size of a population, we
calculate level of investment for each country. We set the depreciation rate to 0.05.17
We assume K¼ 0 at the beginning of the first period for which data was available for
each country.18 With the use of Equation (22) we receive a time series of K and then
a time series of k by dividing K by size of the population in a given country and
year.19 After calculating the time series of capital per capita, we obtain its average
growth rate20 in the period 1981–2010.21 Finally, the database contains 155 countries
including 30 countries that are Organisation for Economic Cooperation and
Development (O.E.C.D.) members.22
In the next section we use the constructed database to calculate and present corre-
lations between given growth rates. These calculations are necessary in order to verify
whether it is more likely that physical capital and natural resources use are substitutes
or complements.
4. Results
In this section we calculate the correlations between long-run economic growth rates
and rates of growth of natural resources use. The database contains countries of
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different levels of development and international linkages. Some of the countries sys-
tematically specialise in production of highly energy- and raw-material-intensive
intermediate goods, whereas others specialise in the production of final goods which
are relatively more capital- and skill-intensive. Nevertheless, the division between
countries in specialisation in production is roughly similar to the division between
developed and developing countries, therefore we examine correlations in different
subsamples, especially in O.E.C.D. and non-O.E.C.D. subsamples.
Another reason for such a division is that we assume countries are on or near
steady-state because there are some convergence processes observed in the real world.
Despite this, these convergence processes mostly affect developing countries, while
developed countries seem to be much closer to their steady-states. From this point of
view, the division between O.E.C.D. and non-O.E.C.D. countries is also justified and
helps to draw conclusions on correlation between natural resources and physical cap-
ital despite existing convergence.
For all the countries we calculate the rate of growth of oil consumption, for 59
countries we obtain the rate of growth of natural gas consumption, and for 75 coun-
tries we calculate rate of growth of coal consumption. Also, for 143 countries we
obtain an average growth rate of DMC. Table 1 shows the basic descriptive statistics
of the sample.
Figure 1 presents the scatter plot between average rate of economic growth and average
rates of growth (respectively) of oil, natural gas and coal consumption.23 A similar pattern
can be seen in each case – with greater average rate of economic growth, greater rate of
resource consumption is associated. Correlation coefficients are equal to (respectively)
0.49, 0.23 and 0.07.
When the sample is limited to only O.E.C.D. countries the results are similar –
correlation coefficients are equal to (respectively) 0.68, 0.24 and 0.005. Figure 2 shows
Table 1. Descriptive statistics of the sample.
Variable Description Mean
Standard
deviation Median Minimum Maximum
groil Average rate of growth of oil consumption 0.018320 0.032442 0.010634 0.052574 0.19365
grgas Average rate of growth of
natural gas consumption
0.052060 0.040957 0.045096 0.030890 0.16780
grcoal Average rate of growth of coal consumption 0.041034 0.087525 0.019469 0.11693 0.39612
grDMC Average rate of growth of DMC 0.0081533 0.019969 0.0025474 0.039172 0.10504
avgy Average rate of economic growth 0.018674 0.019573 0.017330 0.030460 0.12930
avgk Average rate of growth of physical capital 0.027673 0.027714 0.025117 0.034774 0.19522
Source: own calculations.
Figure 1. Scatter plot between rate of economic growth and average rate of resource consumption
– oil, natural gas and coal. Source: own calculations.
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these correlations. Figure 3 shows the correlation between given variables when a
sample is restricted to non-O.E.C.D. members. Correlation coefficients are in that
case (respectively) 0.5, 0.21 and 0.06. Figures 4–6 show a similar correlation for aver-
age growth rate of physical capital and respective rates of growth of natural resource
use. Scatter plot Figures 7, 8 and 9 present correlations between average economic
growth rate and rates of growth of DMC, respectively, for the whole sample, for
O.E.C.D. countries only, and for non-O.E.C.D. countries. Table 2 contains correlation
coefficients.
The results are as follows. First, the average rates of growth of natural resource
consumption, which may be treated as natural resources used in production, are, on
average, positive. Second, instead of a strictly negative correlation or correlation equal
to 1, the data shows a positive correlation of moderate value, usually lower than 0.5 –
with greater economic growth we observe, on average, greater natural resource extrac-
tion (except for coal, which seems not to be correlated with economic growth at all),
but the relationships are far from strictly linear. This result does not depend on the
Figure 2. Scatter plot between the rate of economic growth and the average rate of resource con-
sumption – oil, natural gas and coal, O.E.C.D. countries. Source: own calculations.
Figure 3. Scatter plot between the rate of economic growth and the average rate of resource con-
sumption – oil, natural gas and coal, non-O.E.C.D. countries. Source: own calculations.
Figure 4. Scatter plot between the rate of growth of physical capital and the average rate of
resource consumption – oil, natural gas and coal, all countries. Source: own calculations.
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Figure 5. Scatter plot between the rate of growth of physical capital and the average rate of
resource consumption – oil, natural gas and coal, O.E.C.D. countries. Source: own calculations.
Figure 6. Scatter plot between the rate of growth of physical capital and the average rate of
resource consumption – oil, natural gas and coal, non-O.E.C.D. countries. Source: own calculations.
Figure 7. Scatter plot between the rate of economic growth (left) and the rate of growth of phys-
ical capital (right) and average rate of growth of DMC, all countries. Source: own calculations.
Figure 8. Scatter plot between the rate of economic growth (left) and the rate of growth of phys-
ical capital (right) and average rate of growth of DMC, O.E.C.D. countries. Source: own calculations.
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subsample – similar results are found for all the countries, for O.E.C.D. countries and
for non-O.E.C.D. countries, and do not depend on the kind of resource; it appears to
be similar for coal, natural gas, oil and for materials in general.
5. Discussion and conclusions
The results obtained in the previous section stand in contradiction to the standard
model, regardless of its version. The assumption of substitutability between physical
capital and resources in the production process implies a negative correlation between
natural resource use and economic growth. Despite this, data shows a positive correl-
ation, so these two production factors are more likely to be complements or, at least,
gross complements than substitutes. On the other hand, the level of complementarity
is not strong, the expected linear relationship is out of range, and correlations are of
a moderate size. Therefore both models and the implied predictions are incorrect and
inconsistent with empirical evidence on a macro level in the long run.
We have used data of fossil fuels, which, in fact, are not standard natural resources. As
an energy source24 they are to some extent complements to physical capital. On the other
hand, if strict complementarity is true, the correlation coefficient should be higher and
closer to unity. Of course, oil and coal are also materials in the production process of
some goods, so there might be some kind of substitutability. Data on domestic material
consumption, on the other hand, shows similar correlations to that of fossil fuels, even
though it contains a large share of minerals and metals. More detailed data is needed, for
example for specific minerals and metals, such as copper and others, but this is also not
Figure 9. Scatter plot between the rate of economic growth (left) and the rate of growth of physical
capital (right) and average rate of growth of DMC, non-O.E.C.D. countries. Source: own calculations.
Table 2. The correlation between the average rate of economic growth or the average rate of
growth of physical capital, and the average rate of growth of natural resources use.
Variable Sample groil Noil grgas Ngas grcoal Ncoal grDMC NDMC
avgy All 0.49 155 0.23 59 0.07 75 0.44 143
avgy O.E.C.D. 0.68 30 0.24 23 0.005 30 0.62 29
avgy Non-O.E.C.D. 0.5 125 0.21 36 0.06 45 0.44 114
avgk All 0.5 155 0.15 59 –0.06 75 0.41 143
avgk O.E.C.D. 0.66 30 –0.05 23 0.06 30 0.58 29
avgk Non-O.E.C.D. 0.51 125 0.22 36 –0.04 45 0.40 114
Source: own calculations.
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available for a large cross-section of countries in a long enough period of time.
Nevertheless, the use of this particular data set obviously affects the results, but there is no
evidence or conjecture that this choice is not representative.
Complementarity is always presented in the same way, as in Equation (8), but we
assumed in Equation (7) Cobb–Douglas substitutability between flow of non-renew-
able natural resources and other factors of production, particularly physical capital
stock. This relation remains if we express the model in per capita terms – whenever
an economy extracts and uses in production a small amount of natural resources it
can still achieve a desirable level of production with, respectively, higher size of phys-
ical capital stock. So, an exponential decline in the extraction of natural resources can
be compensated by an exponential increase in physical capital stock. There are other
methods of including substitutability of factors of production in production function,
such as, for example, the CES function.25 Cobb–Douglas choice is dictated, again, by
mathematical and presentational simplicity, and is widely used even in recently con-
structed models26 – this kind of substitutability can be found, for example, in Stiglitz
(1974), Acemoglu, Aghion, Bursztyn, and Hemous (2012), Golosov, Hassler, Krusell,
and Tsyvinski (2014), Hassler, Krusell, and Olovsson (2012), Grimaud and Rouge
(2014), and many others.
We use the correlation analysis instead of econometric estimation for two reasons:
(1) in this situation the linear estimation should include only one explanatory variable,
so the results of the estimations would give the same information as correlation coeffi-
cient analysis; and (2) there is no causality between these growth rates, at least this is
not the obvious conclusion from the model, therefore econometric estimation seems
not to be a proper tool. In addition, we notice that the entire group of countries may
be considered as a population of all the countries that use a given resource. If so, it is
not theoretically correct to provide a statistical significance of the correlation coeffi-
cient, therefore we did not perform this kind of test. The value of the correlation coeffi-
cient between the analysed variables is as it is and is sufficient to reach our goals.
In the majority of papers on economic growth and natural resource usage the
assumption of substitutability between natural resource usage (as an energy source)
and physical capital is made. Our research shows that this approach, even though it
is quite standard, is not entirely correct. The models based on this approach are cur-
rently the basis for economic policy decisions, but results imply that a different
approach is required, one that includes complementarity between the two factors.
The implications of both approaches are different, but the data analysis leads us to
the conclusion that complementarity seems to be closer to the real-world situation.
Therefore, another step should be to propose a more complex mathematical model of
economic growth and natural resource usage with complementarity between physical
capital and flow of natural resource used in the production. In the future economic
policy decision-making processes both models should be considered.
This research provides evidence in favour of complementarity between natural
resources and physical capital, but the results are not conclusive. Strict complemen-
tarity is apparently not the case, but these production factors are more likely to be
gross complements than substitutes. There exist, most probably, some forms of sub-
stitutability, but their existence is not in the scope of this paper.
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Notes
1. See Malaczewski (2018) for a description of this issue.
2. Markandya and Pedroso-Galinato (2007), p. 299.
3. For h¼ 1 utility function takes logarithmic form, UðcÞ ¼ ln ðcÞ.
4. We do not focus on the source of technical change – it might have been endogenous as
well. There are plenty of approaches to modelling endogenous technological progress
(Jones, 1995, Romer, 1990, and many others), but taking them into consideration will
lead to similar conclusions. Exogeneity of g is assumed for mathematical simplicity.
5. We assume that the initial stock of available resources S(0) is known, which is obviously
not the case in the real world. Nevertheless, even if it is not known, it is still finite and
growth rates of basic macroeconomic variables do not depend on the level of S(0), so
general conclusions are the same.
6. One can choose a different level of elasticity of substitution and, as a consequence, use
the CES function instead of Cobb–Douglas, its special case. But when this elasticity is
greater than 1, one of the production factors, physical capital or natural resource,
becomes not essential in the production process, e.g., no natural resource (or physical
capital) is needed for production, which obviously is not the case.
7. We assume for simplicity that one unit of physical capital requires exactly one unit of
natural resource. Of course it is possible to consider a more general case when Yk ¼
AminfK; e  RgcL1c , where e is a parameter which expresses how many units of R are
needed for one unit of K. Nevertheless, the conclusions are exactly the same in both
cases (proof available on request), therefore we decide, again, for simplicity, to consider a
less general case.
8. In the more complex analysis the variable elasticity of substitution (VES) production
function (see Bairam, 1991) can be used. The VES function is considered to be more
flexible but more mathematically complex. To keep the analysis simple, we decided to
use Cobb–Douglas and Leontief production functions.
9. The discount rate is usually assumed to be close to 0:040:05 (see, for example, Lucas,
1988) and the rate of population growth is considered to be close to 0:020:03 ,
therefore qn is, in fact, positive. It is possible to consider the special case in which
n¼ 0 (no population growth), which does not change any of the conclusions in
our paper.
10. We shall skip the details of the calculations for simplicity, but they are available upon
request from the author.
11. Transversality conditions (14) and (15) are fulfilled, which is straightforward to verify.
12. In this case transversality conditions are also fulfilled due to the fact that after T there
are no natural resources (so s¼ 0) and existing physical capital is gradually consumed.
13. A similar approach to empirical research based on long-run data is known in the
literature on the subject. It can be observed, for example, in such fundamental papers as
Barro (1991), Barro and Sala-i-Martin (1992), and many others.
14. Heston, Summers, and Aten (2012).
15. http://www.eia.gov.
16. S.E.R.I. – Sustainable Europe Research Institute, http://seri.at
17. Similar results were obtained for depreciation rate equal to 0.03, 0.04 and 0.06.
18. For most of the countries this is the year 1950, for some of them, 1970. This long period
of time before the actual time span (1981–2010) ensures that the starting value of
physical capital is irrelevant for most of the countries while calculating growth rates and
average growth rate. Caselli (2005) proposes a balanced growth path assumption for K(0),
which requires estimation of all macroeconomic parameters.
19. Even though we assume K¼ 0 at the starting period we receive a time series of rate of
growth of physical capital per capita which we believe is quite close to the real one.
Indeed, from Equation (22) it can be noticed that the starting level of physical capital is
irrelevant due to the fact that ð1dÞT is close enough to zero (d is set at 0.05).
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20. Similar results were obtained for compound growth rate. By taking average growth rates
the situation when a country follows different paths of growth in the given period is not
considered, which may be treated as a flaw of this study. Nevertheless, by using
arithmetic mean, which is consistent with a standard approach in economic growth
studies, we focus on the average growth paths and patterns. In this study each country is
only a single observation in the group of almost all countries, which should not affect
final results in a significant way.
21. Jones (1997) discovers an important difference between capital per worker and capital per
capita time series in describing economic growth. We use capital per capita time series
instead of capital/labour ratio due to availability of the data. We assume similarities between
these time series, but probably this might be a reason for differences between gk and gy.
22. Lists of countries included in each subsample are available on request.
23. On every figure on the horizontal axis there is average rate of economic growth and on
the vertical axis average rate of growth of a particular resource. Each dot represents one
economy. In some cases, where the correlation coefficient is of a higher value and the
relation is more apparent, the regression line is added.
24. Csereklyei, Rubio-Varas, and Stern (2016) analyse panel data to provide some stylised
facts connected with energy and economic growth. Their results, however, are not strictly
related to natural resources use.
25. For example, Grimaud and Rouge (2008), Growiec and Schumacher (2008), and others.
26. Of course there are also other interesting, from a neoclassical perspective, properties of
the Cobb–Douglas function, for example fulfilling Inada conditions. Baumg€artner (2004)
proves that in the case of natural resource choice of this particular production function
may not be suitable.
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